We consider some applications of the Bishop-De Leeuw Theorem about representing measures for some algebras of analytic functions on unit balls of Banach spaces. In particular, we investigate Hardy spaces H 2 associated with corresponding algebras. Some examples are considered.
wheref is the Gelfand transform of f considered as a continuous function on the compact set M(A) endowed with the Gelfand topology.
Note that in general, · μ is a semi-norm on A. We say that a representing measure μ is norming for A if · μ is a norm. There are uniform algebras without norming representing measures. For example, if A = C c (T ) is the algebra of all complex continuous functions on a Hausdorff space T , then the atomic measure concentrated at x 0 ,δ x 0 is a unique representing measure of a point-evaluation functional δ x 0 , δ x 0 (f ) = f (x 0 ), x 0 ∈ T and · δ x 0 is not a norm. Moreover, it is still true for any uniform Banach algebra A if x 0 is in the Choquet boundary of A (see [7] for details).
In [9] Cole and Gamelin developed the theory of Hardy spaces H p on the infinite-dimensional polydisk using representing measures. The space H 2 on the infinite-dimensional polydisk was also independently constructed in [14] due to Neeb and Ørsted by infinite tensor products. In [12] the authors proposed an another approach to construction of analogues of Hardy spaces H 2 for infinite-dimensional domains using Hilbert symmetric tensor products and symmetric Fock spaces. Analytic functions which have integral representations with respect to Gaussian measure on abstract Wiener spaces were considered by Pinasco and Zaldendo in [16] .
Section 1 of this paper is a brief reminder of the Bishop-De Leeuw Theorem for uniform Banach algebras and some related questions. In Section 2 we consider the Hardy space H 2 a (μ) associated with a Banach algebra A a (B) of analytic functions on the unit ball B of a Banach space which are generated by linear functionals for a norming measure μ that represents the zero-evaluation functional δ 0 ∈ A a (B) . In particular, we describe an orthogonal basis of H 2 a (μ) for some special case of μ. In Section 3 we investigate under which conditions H 2 a (μ) is a reproducing kernel Hilbert space and when the reproducing kernel is determined by an analytic map. In Section 4 we consider some connections between H 2 a (μ) and a vector valued Hardy space and prove some analogue of boundary valued theorem for H 2 a (μ). Some examples of representing measures μ and corresponding Hardy spaces H 2 (μ) for c 0 and p , 1 < p < ∞, are considered in Section 5.
For background of analytic functions on infinite-dimensional Banach spaces, we refer the reader to [8, 10] and [13] .
Preliminaries on representing measures
Let T be a compact Hausdorff space. We denote by C r (T ) and C c (T ) the Banach algebras of real and complex valued functions f on T respectively with the uniform norm f = sup x∈T |f (x)|. Let M be the set of non-negative regular Borel measures on T which we think as a subset of the dual space C r (T ) .
Let V be a subspace of C r (T ) or C c (T ) which contains the constant functions and x ∈ T . We define M x (V ) to be the subset of M consisting of all measures μ with
for all f ∈ V . It is known that M x (V ) is a compact and convex subset of C r (T ) or C c (T ) , respectively. M x (V ) is always non-empty since it must contain at least the point evaluation
Let S be a subset of T and V a collection of scalar functions on T . We define
for some x ∈ S and all f ∈ V . Definition 1.1. A given subspace V of either C r (T ) or C c (T ), the Choquet boundary of V , denoted by ∂ C (V ) is defined to consist of those points x in T which are such that any μ in
Note the Choquet boundary is not necessarily closed (or even Borel) subset of T . From the definition it follows that if V separates points of T and x ∈ ∂ C (V ), then δ x has a unique representing measure that is the atomic measure concentrated at x.
If V is a subspace of C c (T ), we will denote by V r the subspace of C r (T ) consisting of real parts of the functions in V . It is known [7] 
If V is a subspace of C r (T ) or C c (T ) and μ and ν are in M, we write ν ≺ μ if
and
We say that ν is maximal if ν ≺ μ implies ν = μ. Let V be a subspace of C r (T ) or C c (T ). From Zorn's Lemma it follows that for each ν in M there exists a maximal measure μ ∈ M such that ν ≺ μ [7] . Let A be an arbitrary complex commutative uniform Banach algebra with identity and let M(A) be the set of its maximal ideals (nonzero complex homomorphisms) endowed with the Gelfand topology. Using the Gelfand transform f →f , f ∈ A, we can consider A as some function algebra namely, as a closed subalgebra of the algebra of continuous functions on the compact Hausdorff space M(A) and
Theorem 1.2 (Bishop and De Leeuw). For every φ ∈ M(A)
there is a maximal probability measure μ (the so-called representing measure for φ) on Choquet boundary
Note, for example, that the disk algebra A(D), where D is the closed unit disk of C, admits a unique maximal measure which represents δ 0 . This measure is the probability Lebesgue measure on the unit circle [11, p. 38] .
Throughout in this paper we consider algebras of analytic function on unit balls of Banach spaces and corresponding Hardy spaces H 2 (μ) for some representing measure μ.
There is a number of interesting algebras of analytic functions on the open unit ball B of a complex Banach space X. We use a stand notation P( n X) for the space of all continuous n-homogeneous polynomials on X. Let P f ( n X) := span{ϕ n : ϕ ∈ X } be the space of finite type n-homogeneous polynomials and its closure in P( n X), P a ( n X) the space of approximable polynomials. If X has the approximation property, then P a ( n X) coincides with the space P w ( n X) of weakly (uniformly) continuous polynomials on bounded sets [6] . In the general case, P a ( n X) ⊂ P w ( n X). In [5] Aron, Cole and Gamelin constructed an example of a separable Banach space X without the approximation property such that P a ( n X) = P w ( n X).
Let us fix notations for some algebras of analytic functions on the unit ball B of X. H ∞ uc (B) denotes the algebra of uniformly continuous analytic functions on B; A w (B) is a subalgebra of H ∞ uc (B), consisting of weakly uniformly continuous functions on B and A a (B) is the subalgebra of A w (B) generated by polynomials from P a ( n X), n = 0, 1, 2, . . . . If X has the approximation property, then
. An another space, for which these algebras coincide, is the Tsirelson space [4] . According to [5] 
) for an arbitrary Banach space was obtained in [19] .
Note that in [3] Aron et al. considered boundary points of H ∞ uc (B) which belong to B and showed that the Choquet boundary of H ∞ uc (B) has a dense intersection with the unit sphere of p .
Hardy spaces for algebra A a (B)
Let μ be a norming measure on the Choquet boundary of M(A a (B)) which represents δ 0 and H 2 a (μ) be the corresponding Hardy space. Since M(A a (B)) = B X , the Choquet boundary of A a (B) is a subset of B X . Moreover, in [2] Arenson has shown in more general situation that the Choquet boundary of A a (B) coincides with the set of complex extreme points of B X .
Note that every bounded analytic function on B can be extended to a bounded analytic functionf on B X which is referred as the Aron-Berner extension of f (see [10] for details). Moreover, since B is weak-star dense in B X and all functions in A a (B) are continuous on B ⊂ B X with respect to the weak-star topology on X , the operator of Aron-Berner extension f →f coincides with the Gelfand transform on A a (B) [5] . Proof. Let (y n ) be a dense sequence in the unit sphere S X of X. Then (y n ) is weak-star dense in B X . For every y n we consider a circle e iϑ y n , 0 ϑ < 2π. Put λ n = 2 −n λ, where λ is the normalized Lebesgue measure on the unit circle. Let U be a Borel subset of B X . We set
Let f be a nonzero function in A a (B) andf be its Aron-Berner extension. Sincef is weak-star continuous on B X , there is a weak-star open subset V ∈ X such that |f (x)| 2 > 0 for every
Since Proof. Since μ is norming, the natural embedding of A a (B) into H 2 a (μ) is injective. Moreover,
Now we suppose that X is a Banach space with the separable dual X and μ is a δ 0 -representing measure, norming for A a (B). Let E be the completion of X in H 2 a (μ). It is clear that E is a Hilbert space. Let (e * i ) be an orthonormal basis in E . Since X is a dense subspace of E , we can suppose that e * i ∈ X for every i. By Proposition 2.2,
where x * ∈ X and x * * ∈ X . It means, in particular that every open set of E with respect to the norm · X is open with respect to · E . We will denote by (e i ) the orthonormal basis in E such that e i = · | e * i .
and if 
dμ(x) = w(x) dμ(x)
for every w ∈ C w * (B X ). We denote by E n the completion of P a ( n X) in H 2 a (μ) and by E n its predual.
Theorem 2.4. A norming measure μ is circular if and only if E m is orthogonal to E n for m = n.
Moreover, in this case the following decomposition formula holds
and μ is necessary representing for zero evaluation complex homomorphism δ 0 .
Proof.
Suppose that E m is orthogonal to E n for m = n. Let w be a finite sums w = f nĝm . By the orthogonalityf n ⊥ĝ m we have for every ϑ ∈ [−π, π],
dμ(x).
In general, approaching w ∈ C w * (B X ) by the finite sums f nĝm and using the continuity of integration of functions in C w * (B X ) we obtain the equality
for any w ∈ C w * (B X ). So the measure μ is circular. For every w ∈ C w * (B X ) the function However, the second integral of the right hand does not depend of ϑ and w • e iϑ ∈ C w * (B X ) for every w ∈ C w * (B X ). Taking into account the equality
So μ is representing.
Conversely, let μ be circular. Suppose that f n ∈ P( n X) and g m ∈ P( m X). Then
Let l * ∈ X ⊂ E . Then l := · | l * ∈ E ⊂ X . Denote by C 0 w * (X ) the dense subspace of C w * (B X ) which consists of all finite sums f nĝm , where f n ∈ P a ( n X) and g m ∈ P a ( m X). We say that a measure μ is circular with respect to l * ∈ X if for every w ∈ C 0 w * (X ),
Repeating our arguments with Fubini's Theorem we have that if μ is circular with respect to l * , then (x) .
Conversely, suppose that the set {e * (i) } forms an orthogonal basis in H 2 a (μ). For a given e * k and e * (i) we denote by n (i) the multiplicity of e * k in e * (i) that is the maximal number such that (e * k ) n (i) is a factor of e * (i) . Then for every function w ∈ C 0 w * (X ) and linear functional e * k ,
Note that some non-circular representing measures on the unit ball of C 2 were discussed in [17] .
H 2 a (μ) as a reproducing kernel space
Let us recall a definition of a reproducing kernel spaces (see [18] for details). 
(ii) for any f ∈ H K and for any z ∈ Z, 
where c ( 
Proof. Suppose that (2) converges on an open subset U of E. Then
is continuous on U as well. On the other hand, from (2) we have that the linear functional on H 2 a (μ), η(x) := · | η * (x) can be expressed by a convergent power series
Hence η is G-analytic on U [8, p. 201] . Both G-analyticity and continuity of η imply that η is an analytic map on U (see [8, p. 198] ). For every f ∈ H 2 a (μ), f (x) is the composition of analytic map x → η(x) and linear functional η(x)(f ) = f (x). So it must be analytic. Let now every f ∈ H 2 a (μ) be an analytic function on an open set U ⊂ E and for every x ∈ U the x-evaluation linear functional x → f (x), f ∈ H 2 a (μ) be well defined and continuous. But this functional coincides with η(x) on the basis polynomials e * (i) . Hence f (x) = f | η * (x) and so (2) So η * (x) = (i) x (i) e * (i) . The space E coincides with the completion of the linear span of (e i ) in the 2 -norm and the domain U of η * is defined by
x i e * i ∈ E : |x i | < 1 = 2 ∩ B ∞ . 
